FIN DIM LIE + ASS ALGEBRAS

INTRODUCTION
Dfn 11: p
opevation (.,-3:LxL SL Satisfying

() Txx] =0 ¥xeL
(zy 3acobi idenkity:

Lie Algebra is o K-vector space and o bilinear

Cx,ey,] + [9,027) +(a,Cxy2) =0

Dfn 1.2 @ A le sualgebra T of L is o K-supspace of L st

¥ yed, Cnyl c7.
(v) o (e) ideal TofL s a (gl €TV xe7, yel.

nofe:  dfn s symmehic acwally i x and y.

K- subspace 5.t

Din 13 (@) L gmismple ® R =0  and in general,

L .
/n(L) is semisimple.
(b) L is simple & the only ideals at O and L.

also CuLl) #0, @ ovoid 1 - dimensional case.

Z LIE ALGEBRAS

ofn  ( associative K-algebra)
homomorphism 4 > 1 ond want +hat

ring with 1 and K2R a cing
@ (K) ¢ Z(R) (centee of R)

Then R is a Lie Algebra via (Cr,$] = s -5r.

dla ¥ Ma(k) = e alg. assoc. to GLAR)

1) wabices & tace 0 =:50pn
is  Qsseciated wia  Slp.

kS
N [nm matrices w) dererminant 11) ol * MalK)

e(s2). #:(%) , w=(e2)

Chifl.-2¢

standlard  notatin
Cwel = 2e,

eg. sl
nolke  that  (&F) =h,

(D goa = Skew symweric nxn matdes |, associoted with  Special orthogonal grup Son.

000 . 01 - o -0
g n=3,  4o; - [N (3."2‘) Az = (g‘g;) » Ry = (;::)
Then CALmd= Ay, CA2,A1= A,  [As,8] - Az
[©)] Spen = conains  maivices Qssociated with  symplechc  grow  Spun @ ahices

+hat  peseve @ non-degenerate,  Shew -Suymmemic  prodack oa K™ -

el say e Shew- ymmedic foum i cepesenied by 7= ( L "')
- 2nxen

Ten  Bps, consisk o mahies K st X3 +Tx* 0

(Glhmaliue fomuladion :  take T = (L&i) )
Il
e mabies  are o foumn (L’L)
c|-at
oivension @

Al B
T aklerastie T you get (C N/ Band C shew -symmebnc-

, B and C  symmetvic.

Tpen 33 204N

®) G, Buel swbagerrn o Ay o upper bianguiar madices
associated  with e Boel subgraup & Gln cmslsarﬂae invertble  upper tiangular  mabices-
@) a, comisis  of shidy upper bronguiar  wohites  Ossociated  With the gop of
wper  biongular  mabAces  wikn  1's o dne oliagonal-
(1 dowoles  nil potent):

EndkLR):= Kk-linear maps R=>R. Lig Mgebra w] (£,9] = Fog- gof

(ring poduct)
DFn 2.0 & linear map D:R->R is a derivatin if D(rs) =D(r)s +rd(s)
Der(") < i devivations K—sR} forms a  lie  Subolgebra of EMK(R)

when Rel, - is [ So devivation: D(Cv,s1) = (0Cr),s] #Cr,0(s))

Dfn 2.2 An  inner oOerivation of R 1S of the fowqm RSR, s Lvs] for seme reR.

Innder (R) = 3 inner d:riwah'ms& fons o Ue ideal i1 Der(R).

R c(ommutative - Cxyl = mg-yx <0 = TInder (R) = 0.

Dfn 23 (@) A ve algebra homomarphism FPily 2 Llz is @ K-linear map Satisfying

p(Tx9d) = [ po0 ,pw)

LA homo :

@ tin epef L s oa s:m. = ed(V) R some V-

UsN and PU—)‘“)-‘" , then ﬂ“: LU= €nd(u) 5 caled a subrepreentakion.

(() ireducible repn: only suh U ore O and B

odj»in} fepn: ody : L = end(l) ; nis ad(®:L=L; yr> C~1y] ('ch"-/']).

Dfn 24 © The cenre RL = T Cxgd:o sWyelty o po(od,)

irdudble

Rem: L simple Llie Agebra o ad(l) g

Dfn 2.8 : PAn Abelian Lie olgeba L if Cxyl =0 V x.yel.

DFn 2.9: Tne derived series of L L =1L, (= [TuLl= spanixyl: xasel—}
S [L“"), L(i-ll] 2. rderivcd Sub a\gebra

Dfn 2100 L js  Soluble i LU70  Leasy 1o " devived lengh .
Rem™® (Y = idem o L.

J ideal , then L’I Lie  Plg. with bracket Caer,ya3): Caiyd +3

of Soluble \ie algebras are soluble
& 3 and Y3 are soluble

Lemma 200 @ supaigebras and quotient
(® 16 3 is an idal of L, *en L is Soluble

Ex: Ony 2-dim. Lie A\g is Solble Ex: Goy is nok Soluble'

lemma 2.2 The Sum of *wo goluble \deals is O soluble ideal.

RCL) o FEDLA- LIS the max. soluble deal ia L

soluvle  idedls-

Dfn 2.3 : Radical
= 2
Semisimple & R(L)=o.

Tom 204 (Levi). If chark =6 and L is
L, such +hat

Finite dimensiondl, then here exisks a

Lie  subalgebra L, ORI =0, gnd L = L, + RO

Hence LY SRy s semi simple.

DFn  2.15: This is the Lev decomposition, and Lt is e Llevi factor (/subalgebra).

Dfn 2.6 :  The lower centml serieS of L is ¢y =L, Leivd = [L(;,,L]

Note & (1) Ly are \deals of L

(2) Counting starts a+ |.

nilporency  class

L is nilptent it Lco) =0) Cze

Proposition  (page 12 of Humphrey's) :  led
0§ L i milpotent, then so are old subalgebras

L be a Lie Aigebra.
and  homomompwic imoges of L

Wi e s sigorent,  Meen so is L

O 3 L s nilporent and  nonxers,  4nen  2(L) F0.
Thm 22 : (Lie)  For algebmically closed b, chark=0. Suppose L € End(v)
With  ¢imV <. Suppose L is Soluble. Then 3 VEV, v#o, Such thar

(V)= AV por all wel. (qisa Ccommon eigenvedtor Y ~eLl)

Thm 2.1 :(Engel)) Suppose L € end(¥) s 0 Lie subaigevra,  dimV<o  omd

even element of L is @ nilpotent Rndomorphism (ie. ¥ xel, 3aeN st LEE

Then 3 Vo, veV such +har 2(¥)=0 VWxeL.

Coollany:  ad(L) is then o wilpolent Lie algebra, = L is nilpotent

( bd(W)cg = ad(Lco) by inducion + af is & L-A- home.

L souble = J basis OF U wr+ wpich L is represenied by upper
biangular matices: L € §,
» M = st .
LS a = sticly  upper fviangular  matrices.

@7: (™ fes in Lzm) Vpostive m i a4 le Algeora L.

H H \ubl ..
Nilpolens  Lie  Algebras are souble semisimple ® L Y ad(t)




- Ki o
Bl INVARIANT FORMS + CARTAN - KILLING CRITERION Le = 5 wel : ad(hm e a() \heu)

Dfn 30+ A symmetric biinear fom <> i LXL K is invariane  if o L H > C isa linear form.

<Cxyd2d> = <% 0y,
Dfn 4.l : The Weight space or Carkan decomposition of semisimple L wei. CSA' M.

Din 3.2:(0) §F p:L = End(vV)  with dim V<eo is a representation, then
Composihion of
o s, L= le® (0 La) wim 1Lo:u
oo

Capp =T (peapty)

i the  4race form  of P

() The émce form of e adjost represemiation  ( when dim L < %) iS the  Killing fom.
The nonaero  elements  of Lo have  weight o

lemma 33 @ (i) grace Pums  are javadant symmeic bilisear forms -

GV 1F 7 05 on el phen TYr g% <xe 0 VYET and for on invariant fem <003, The Lo #0 ore the  weight paces
ten 3% is an ideal. In paricalar, L* is an ideal of L.
The nonzero  Weignts are  Called +he vooks  of L (wet W)

‘ iveri ility) 4 k=0 L obe Lie subalgebra of
Thm 304" ( Cartan's criterion for solubility) ). Let chark<0, ond a Lie subalg Nolalam: &« set of o
end(V), dimV<oo. Let <,> be tmee fum of the  embedding p:l > End(V). Then
Lois soluble & <my>pzo vxer, ye My = dim L
<2 = hiling  form

Thm 3.5 : (r.uvtan-mlrng Critevion  fo, semisimplicity) . Let chark=0 . Then
L i semisimple < The Willing form < ,-Yad s non-degenerate. Lemma 8012

- a(x) aly)
Din 3.6+ A derivation ® a lie algebra L s a \inear map L - L such Haat Y EXN D <y = u%(pm" %

o(C=x,9)) = Cx,99] + Cox, 4] Cla. tp) € L yup

TInner derivations are of +he fom gyl <.,y restrickkd 4o W s non-degenerate

3 Lnner derivations } s ad(l) IE o,p weights Ond if ol tP ¥0, then <tusLp) =o-

Thm 33F W chark= 0 and dimlL ces, and L is semisimple, then Der(L) = ad(L). xe® =2 -oe¢ @

Din 3.3 : - cEnd(v) is semisimple & @ is diagonalixable. * weight > LafL-a’ =0

¢  minimal polynomial is a product of distinct linear factors.

© ®e & 06 © 6

18 0 #heH, then d(W)#0  for some aed

Rem 1) iF W is semisimple,  W(W) € W Por a Subspace W £V, then Rl iWoOW o gicimle .
Se & spans W' cual space of H.

2) iF Y semisimple  and oty TYX,  Hen 0,4 are  Simultancously diagonalizable, and xty

is alse  semistmple.

::.’..m.1 :;d{f)':,mu decomposition) Dfn  4.13 The o -stdng through B is the largest  orithmetic progression
O 3 unique s, an € End(V) with x5 semisimple, xn nilpotent , ond  xn, s Commute , Gnd %A= As+Xn. ais o ook, {A—q{o(, Y TR Tl o
(2 3 polynomials  ple), q(t) with %ew constant term  such #hak  As = P(X), and An: Q(%). So, ‘s.ls & weight

As , An  Commute With all endoworphisms that  commute  with .
() 11 wewev and (W) S U, +hen (W) S W and wn(W) SU.

lemma w1d5  Tor xe @ ; P weight, p,q as above. Then
lek M= %s +Xn €L C End(V). Then ad(«) = ad(xs)+od(xn)
Lemma 3:111  oq(xs) = semisimple part, ad(n) = nilpotent pars
14

Poponbion %13 Let L bea Fine  dimensional Lie algebra, Charke=o. Z My
(O & L i semisimple, 4men L S a Cire sum of nonabelion, simple ideals. SOOI AL P7CV R P AP
(0 if 0=#7 is an ideal of L = ®L;, +hen the ideal is a direct sum of some of twe Li Z Mpara
® i L isa dicec Sum of vonabelian Simple idedls, then L 1§ semisimple- =t

® it O#neltuload , +hen () 30

B CARTAN SUBALGEBRAS AND WEIGHT DECOMPOSITION

©[La, L) 0.
Dfn u.\;{ ; )‘:"W'”” 1 (
Ly = wel: (ad(y)-2i) () =0 is the lized A- eigenspace for ad(y) ).
ny i genera o o odly) (yee . e, Wy wW(n) = < kX V0q
Write
lemma  4.2: ha fr ¥he preimage of o en”.
(i) Clay, Lwy) € Laeu,y (] Loy is @ Lie subaigebra
F O ofn ww: (P = <€ ha,Wpdar S % e n¥,

Dfn 4.3: A cartan subaigebra (CsR) H of L is nilpetent and self idealising:
Where <€ W, %O = alx) ¥ xen

T%: cumdend =n
(h[y,x) = ]I,(:.)

idealiser

Theorem .4 (cartan) [ Existence ot Cshs)
lemma 4.9 :  TFor o,ped |

H is o Cortan cubalgebra &> H is G minimal  Subalgebra of +he fum  Loyy.

Al CSAs have +he same dimension ©) 2(p,=) . 2<hp, wad g
(o) Cha, ha

Twm 4.6 ( no proved  bhere)
Any 4wo CSAs are  (enjugate under the Group of Ouromorphisms of L, Which ore

dly) z
genovaked by R ° s 4 adey) 4 “':—(:’“ REES with  ad(y) nilpoent  (ig. finive Sum). » .z Chp eyt |y €n
’ Ped Cha wad? Cha, ha?
Tm ¢* (o Proved  were)
The Set of regular elements ( lements WEL st Loy IS a CSA) is conneched. © Cha,MpY €Q N “ped

Te. 2aviski dense, optn  gubset of L

W Naped, p-2<hpihed e
Theoem 4.8 @ Let H be a CSA of o gemisimple L. Then Zha had

® itis a maxival  abelian  subalgebra

© oveny element of K s semisimple.

© The restriction & ne hilling fwm  <-)-vad o L 4t H is alse nondegenerale-

Lemma  4:9: (converse of 43). lev H ve a woximal  obelian subalgebra ¢ L,
all of whote glements Qre  emitimple.  Then H is a  Caran  subaigebru.

Corollany  4:10° (ot 4.8) : Regulor  elements of  Semisimp L are iSimp



B ROOT SYSTEMS

Dfn S o suset § oF & al Cudidean vyecor space € is & finite mob sysiem if
M F is fiaie , Spanning E oand nob (ontaining O-
i) for each «€d, inere's a reflection S« (preserving  the ianer produet]  with Se(s) = -o,
the ser of Fixed poiars is & hyperplane of E, and  Sx preserves 3.
(i) for each w,p€ &, Salp)-p is an wvegal multiple of k-
W fu a,ped, 2(pw €n
(o)
( = -
W s«(plz p-o2p) o yped
(o ,ot)

Dfn 5.2 : The vank o a ror sysem = dim €-
Dfn 5.3: A ot cysem is reduced i for each x€d  bne only rooks  proportional

to ¢ are ta.

Dfn 5.4 The ey wup W(B) of a syem IS O Subgroup o Ahe  ochogoaal
goup  Qenerated by  the reflections Sv, € 4.

(pa v,
DEn 5:5: for a FPinte mot system, weite N(p@) fie T €L Ler s (w) ™
Then (¢, p) = l¢1\pl cos@, where ¢ is on angle berween O f-

Then  n( ) = upt cosf .

la|

n(e,B) | nipia) $ Notes
0 o b
! I 3 P = el
- wr \ .
-t 3 P 1) possible reduced
\ 2 % e = 3 el o syiems.
- -2 3 1p) = 2l
I 3 T o) = J3 1
- -3 = Ip = J31al

Ofn  53:  An  isomorphism  of & ok sysiem
(e, §) 4 (5"@‘J is a lineac bijection

Such kot $(3) = ¥

Din 58: @ The dieck sum of two v sysiems (e.¢) and (E;@')
s (cee', §ud)

® A o sysiem that is  nor  isomopkk s dicect sum ot

ot sysiems i3 called  {creduacible.

. 2 -
Dn 59 :iF o €d, dofine the co-rer &’ = @o® . T (0a¥) =2

Dfn G.l0: A ot syslem s Simply laced iF oW +he wots  are of Fhe same length.

Dfn Sli: A subser A of o ro sytem (E.8) is a base of § if
0 A js a veor space bosis for E
D each YEP can be writen s @ linear  Combination

¥ = kao

xea
With  Coefficients K« jntegers and either Gl 70 o all €O

Dfn S:12:  The Cartan matix oF & rook  Sysiem Wi A IS the matrix ('I(""P)]u,lscA

DFn S13: B coexeler graph is a Finite gmph, each poic of versices Connected

*Y 0,1,2 or 3 edges.

Given @ mob system  §  with base A, ‘e coexeter graph  of (€,3) wit A pos:
*  verdices:  elements of A = simple rooks

.

vertex d is jeined ® P fu 0,1,2,3  ocwrdiag fo n(x,pIn(pa) = 01,23

Theorem  §.1%: Every  (onnected, nonemply Coexeter  gmph osseciated  with
a  mor sysiem Qrlsing  fom A  Semisimple Complex Lie algebm is isomorphic +o

Ar ————— . — r  vertices r>,)

Br o—e—o—_o roversites  rn2

ve — e .. ~< L
« <
€a
8 ® I

. « ]
S

Arow  pointing  4owards Shorter (ok-
The gmphs  with amws are called Dynkin  Diagmms.

35 () = 1 aed - (s, o) >0y |
led ¥EC€. Then ¥ regular iF Y& €\ gh‘

> 0 = §%Y) ul- §Hv)

a3

1 +
e §(Y) 3 jadecomposable i nov expessable a8 & = oy t&e, %1y% cd ("),

AIY) = tnderompesable  glts of 3y
lemma S:lb: A(Y) is & bose, and eueny buk s oF Hs Fem-

lewma  SB3: A reduced O

(@) o,p €A distind, then (%,p)¢d > nindiag in Caron <0
W aed’, g A, amen 3 BEA gy «-pcd’

© each 4ed' i o fum it tha , each purpi €8

[CY Simple, +hen o permutes @1\§x§

\emma  S:185 A g5imple  rooks

@ i e aLE) orthoy + c(8)= 8 , then osust: Se(

™ nor aecessarly diddinck

() Leb i de e B . Weite §i fou Sai. TP See- Sal®d) negwive, or oquiv-

Se- s (o)) positiee , vnen o some

~

a
Qt--. §y = Stee- S .- §y

@ o=<seesn expression of an elt in W ith t winimal, then I o) is negaiive-

lemma  549: W= w(d), & reduced.

@ ¥ reguer, then 3o €W wit (o(vl,a)v0  Vwea
L oW permutes  bases tvomsitvely

® oed, then (O CA py gme TEW

© Wz Sfa for ¥ERD

W If g(a):-A then o =1

’

Theorem  5.20: (not proved here) W(E) = < s« sist, (sesp™= 1y
rst"ae:ims order of S-sp

REPRESEN TATION THEORY OF SEMISIMPLE COMPLEX LIE ALGEBRAS

Theorem 6.1 (Weyl) : Let L be o semisimple, Pinite dimensional Lie algebra,  chark =o.

Then oll finite  dimensional  representations Ore a direct sum  of weducible ones.
Definition -2 # representation is  (Ompletely reducible  iF it is such @ direct sum

Lemma  ©6-3: The following Qre equivalent:

@) all finite dimensional  representations  Gre completely  jcreducible.

(® whenever p:L > En(V)  with WEV  and dim(w) =\, and PN E W
W is invariant), then dhece s a W' with V= WOW' and F(L)(w‘)g

(® The same as G) pur with +he  restriction of ? oW, pw 1L Endw), is irreducible.

w'.

Casimic  gleynens of representation P Ce Z plailplyi) € End(v).

Lemma G4 Cc,pR) =o ¥ xeL.  (commute in End(W)).



ILniversal Enveloping Plgebra

Din 6-5: WU(L) is the asociative algebra  with generdors X(€EL and

relations XY - VX = [X¥]. & XNEL
—
Commutator i brathet
o XN in in L
enveloping
ayeora

lemma *+2  ( Nakagama)
The following are equivalent: R a  cight ideal I,
() T cam)

(@) ¢ M5 a 'Fj R-module and NEM w) N+ MI=M,then N:M
Gi) Yr4x: 2e1} =@ i q subgroup  of the unit  group of R (®)

Theoem G-t (Poincacé - Bicknoff - Witk PBWY : U(L) has a basis Qs a € -vedw space

R T B P Mielm) where X, ,...,Xn s a bosis-

ppL o End(\l)} i-‘i WD = End(W X
—

representations N s 6 WD -wodule

Din 63t Ler Ve = TVEV : pM(=wNV YheH} be the weight cpace of

weight @, where we H¥.

kemma 6%

a) p(L.)Vw C Vwix f WEHWY, aed

V) The sum of +he Vw is direct and is ivariant ynder o).

o lassumind Lis Semisimple)  if dim(W<oo  khen V= dliec sum of weight spaces.

= =L -z
N=geger® , ond N uirl‘"‘ L= N"@HeN = N“@B
B=HON

OFn 69 : y is a primitive elemen OF weight w iF il sakiséres
() v4o, hos weignt w we')

(i) t)(u\ (W) =0

Proposivien  ¢.10 Le¥ v ve a primitive element ot weight W, and let
We p(W. Then

() W is spanned oy Ly, )™ plyn)™iOV), . Weee  Hhe P are we
diskinct Ve rots  and  mi€ Ty,

N 9 .
() e weiwms of W ove of e fwm © ~ L% Gyoce Yau. o) s o vase
W Pi€ Tye , ond ey have  Finie  muitiicity  ( weigh cpaces  are fiile dim)

Gi) w0 was  mulipliciyy 4, Ond 4ne weigwe spue in W of weght 00 = VD,
(W pyt L > end(w) s indecomposable . T.e. W canmok be expressed wonbiviallk
P Y

in e foim of a direck sum  WiBWz,  \ive Wi ievariank

nor mecessarily Pinire dunensomal

Theorem  G.M: Lex V we o simple  WUCL) - module [ o 35 on irceducivie  representalion)  and
suppose N comaing @ primive  element N of  wegny w-
N N G5 wme enly pamiive eclement o \ yup 4o salar wulkplicakion.

¥) Tne  weights of V have the fum  w - ZPSE wn P € Ty - They have Pinite
wulliplicities; Ond  w  hos wuWighty L, ond N is o sum of W weignt spaces-

) For 4wo Simple wodwles Ny Ond Vz, with prmitive  elements vi, and Ve of  weight

w, and we respectively, 4pen Ve Ve i wicwa

Dbn @12 % The weight W of the primitive @lewent V iy haowa as e \iignest weight-

Theorem  6-13:  Tor each weW¥ Jnere & o Simple  U(L) - module ot highesk  weignt w.

@ FINITE DIMENSIONAL ASSOCIATIVE ALGEBRAS

Dfn 31 : R is a simple (ossociorive ) olgebm if its  oAlY wo -sided ideals
are 0 and R.

Dfn 3:2: The Jacobsoa mdical 3I(R) = N imﬁlc PrOPR! cighi ickeals $

L R
Nowe?) I is G moaomal right idedl & /1 isa Simple vight  R- module,

AMIK(M) : ireR.: mrao}

IR) = NAmg (M) = 2 sided idea.

right modules

pfn +3: Ris  Semisimple i I(R)=o.
Lemma 3.4 2 LetR be o semisimple, fin dim(ass) algebra .

Then R is the direct sum of finitely many simple Cright) R —medules.

Lemma 35% le+ R be semisimple, Many noares, fin dim R module,
4ven M (s G dicect sum  of Simple  moedules

L>“ quokient of R®©---OR = M Simple ahen a quoriemt of R.
(semisimple)

Definition 3: M is (ompletely
as a direct Sum of gsimple R - ynodules.

redudble 5 1 can be  riMen

Definition 3.3: The godde of & [in dim R wodule M
so( M) := Z I min. nonaer cupmodules of M}

lemma  3:8: Soc(M) = 1 meM:mIR =n\
Detinition 3.9: The soce  series of M:
0< swolM § SocilM)g .,
Q - M
W here SoC; (M)/S‘ociq o) T SK( /soc;..(M))

Remark : 1) The series wust terminate  ob M.
) Soes(M) = 1 meM '~m3'=°}

Proposition F-10:
is nilpotent (i.e 3 me urp st

Let R be a fin dim (ass) olgebra Then (R
I™ z0)

Lemma 3.1t (Schur 'S Lemma)

le S be o Simple right R-module. Then Endg (S) is a division ring.

1f 3|' S. are Mon-ito Simple  R- modules, +hen  Homg (S:,Sd) = ol

Lemma .12 Regardir\g R as a right  R-module (K'), Hhen tnd(Ra) =R via
mMuMiplication on  the 1eFt by elements of R.
¢ — o)

r- (K-ﬁR\ ML S

end(Re) & R,

R End(R) | v +—>
() — B - x = B(x).

Theorem  #:43: ( Arkin - Wedderbura)' Lot R be a semisimple fin dim 0S5 olgebm
over Ffield K. Then R - ék; , Where Ri = My(D}) for fin dim div dlgebm Di,
+ Ri are uniquely delermined-
© R has exadly rise classes of Simple right modules Si,

T dim o (5= 0y
Di=k wi.

it R is  algebmically  closed #nen

CG is the direct sum of mativ algebras  over €, where +he humber o
mateix  Glgebras is eQUAl o the number of Simple  modules up to ise.

Coollay 3-14: i G is a Pinite group, 2(CG) is an r-dm C-v.S, and

r=# of isomorphism classes of Simple  modules

= # of cnjugacy classes-




& QUIVERS

Definition 8.1 M quwer @is a direcied ( mult) -graph. no reshiction o #

of orows between i and )+ We aiso alow  loops O

Defunition 8-2: P representakion M of @ s @ dirett sum of vetw spaces @Mi, where i i the
\abel o yertices, together with  linear mops  Qx M. > M) fy each amw ]

’

Definision  $:3: A morphism of representations is a collection of  linear maes M, > M;

WRICh oMmUe Wil Mg linear mops  YeprESeNing  the edges-

Defimition .4 N poth of length €% ! is a concatenation of [ (ompatible Ormws.

Definition $.5: The path  (lgebra kQ is a k-v.s.  with basis given by ‘e poths,

ond  the multiplicatien ¢ given by  Concatenation of  (ompatible paths. IF dwo paths
are  incompatible, hen Mnelr  produck S ReM-

Llemma 2.6
® kQ is i dimenstonal ¢ Q is Finite  Ond W contatns no directed cycles
) 1P Q s frae, dwen KO is fiilely  generaked.

Suppose M is @ representation of our quiver Q: M= @Mi and i3 oanelge i—),

Wen % achs en M by pplging Gy

Thus  ®Mi  can be wougnt of as O K@-module .  We 9et a Corespondence

S K@ - modules } e | representations of @)

g mnm“m:,ZR b vene i 4 Gu naes ave e
0 Ovherwise

Example: Q finite, no directed wles;  and  simple modules as describved  ecample.

Then these Si are  the  only Simple modules of WQ-

Definition 83:  Pn  algebra

many  indecomposable  modules  (up o isomorphism).

Theorem g.12  (Gabriel)

positive  definite- ie. Ar, Dr, Cu, €3, €g). Then

1Somorp Wi sm
dimensional

represeniations

dimension  veorrs 2 K1

Thus KQ has finite represeniadion +ype.

@ quiver, underlying  Coexeler graph Whidh I simply taced *

dassed of Finire
indecomposabie
of Q.

> Fpositwe i in )}

> SR oA Simple rwots .

R has finite representation fype if there are  only  Finitely

Theorem 8.8
o path algebra of finite  representation type I and only if its

(Guhr‘.d, 1932) :  jet K be an algebmically  closed fiedd. A connecred Quiver has
underlying ~ Qmph ( ignocing  dicections)

is of aype Ar (v¥1), b (r24), Co, Es, €2 (e  simply laced  Coexter gruphs).

Remarks ' (L) 4wis is  independent of the direction  of +he avcows.
(@ 10 we drp ¥he  algebmically closed restACtion, wWe AN get ovher Coexier
guphs, ¢9. B, (o, Fu, Gq

B) the more general theoem i3 & Classificabion of pos - deF (Coexever grarhs.

Given o  Coexter gmgh, we Can define @ symmehic bilinear  form on the RR- span

oF ¥he  verkees vi,.o,Va  (S09), which fum a  basis for Hhis  vecdkor space.

4 = { 2 Wiz
ioT
’ R L]
7 mo diehen in coexere gmgh
where Lij = # of edges (onnecting  Fhe two vertices
IF a  Comxeler gapn anistr fom a mov syem, Say A = X, o wel

of oot system §, then
% = 2 (ei, o)

loi | (el

Symmerited version
oF the Cartan maidx

Note that 3his matix 13 e gcame s 4he one representing  dne laner  product

et bosis i|:T-:|' °"-EA3 This  mabix i3 Fherefore positive  defrnite
Wi v .

Definition 3.8: A coexeler gmph s positive definite it Euj] is positive definite-

lemma %9 : A
has ihat  the number of pafis  of vertices

definite
)oimd by at least  one edge =r-l

Connected  positive Coexeter graph  with r vervkes

Definition 8-10: The dimension vector ofF a repre Sentation.

T [@mm)vi e R i s vertices, Vi,ove bosis  C RT

lemma  €:lb: T a
D Vejer, ) 8 a

7) 1<jer, (s & source

slandardised  quiver @
sink  ond  jt1 is a Source of SjSj-i-- $2SQ

ond -1 is a sk of  S) Sit1-..SrQ

M 65p .- 5v@ T SeSeu.-.5.Q:Q

Definition  8-13: numbering
S Sjer - Sc Q@

Lemma 8:18: There is an

has no directed  cyctes

Exerise: Q ond Q'

of vertices s odmissible if for eachj,  is asink of

Such  that 5, - Sjs @ = Q'

Definifien %19 Wwe define

Giiven @  representation ot
ond  Wj=  hewe ot $=

The  Funcror 5; is the

i), set N = (oker

admissible  numbering for the vertices of Q (FF
With  fome  underlying  gmph @ ke, then 3 i, ))r
Functors '5;'- Q -representations ——> Sj @ - representations

S;: SjQ - representations —— Q@ -representakiony

@, v, B0 W ke WitV i¥)
© ot maps representing  Hhe Grows  wivh  targer

dual of this.  Given a  repregentarion W oF S, (er  VizWi

o 2 o waps representing qrrows  with  source  in S)Q.

R.20 tewma: S)” and SjY give a Wijection etweer

inde compasable rep?s

Trdecomposable  rep®s

o8 Q F iredudble ¢ é §)Q F ireducible
rep® of dimension | \-dim@ 2P conentated
Contentrated ab verkex ) ab verkey j

g.0 Comllany:

Definition 8.22: A (o

eath simple TeFlections

exattly  once, in

K@ Wos  Piire  cep® pe yif KSjQ was Biare " bype

xeter lement ¢ ob the  Wey goup O(3) is o pecut of
any order.

Coxeter elés are not unique, bub are  Conjugate — have some oder h — CoX. number®

3£ rooks

h= Tramer , 5v dim Lie olg = dim(K) +Hoos = ¥ +he = (hd)r

Definition $-23:

1, .-,y an odmissible Numbering of Q. The Coxeter functor Wet Jhis Numbering s

6*:6".. &
e-:: Q.---- gl—
lemma 24: Given

(O A ALY
(O AC R

repins repins
o Q@ o @

repins repins
o Q of @

an  indecomposable representation V of Q, either






! L s nilpotent and  nonzers, taen x(L) o
%j assumpbon , (ce) = 4 sme  inreger - Shace L 5 nontos, e+ ). So <2
5 Lleen,t) o & sme cnr
Leeo) 15 an ideal o8 L, oud  pais wiln  evowy atemmedt  la L o aclr=, se

L(c-ﬂ  a( L\ .



